Geometric deviations are observable on every manufactured part since manufacturing processes are inherently imprecise and measuring processes always involve uncertainties. These geometric deviations have influences on the function and the quality of the product. Therefore, allowable limits for these geometric deviations, depicted as geometric tolerances, have to be set. They define the allowable geometric deviations of a part for which the product function is guaranteed. In this context, elastic deformations and the structural performance are key aspects. However, the manufacturing-caused geometric deviations have an influence on the elastic deformations during use and the structural performance of the parts. In other words, there are interdependencies between geometric deviations and elastic deformations which affect the dimensional accuracy of a loaded part in an assembly. Therefore, this article proposes an approach for determining the impact of geometric deviations on the structural performance. This approach employs techniques such as sensitivity analysis, analysis of robustness and evaluation of reliability, and aims at providing information about the expectable elastic deformations and structural performance to geometric tolerancing. It can be concluded that geometric deviations can have a big impact on the structural performance, and thus, not only parametric deviations but also geometric deviations regarding the form and shape of a part itself should be taken into account within the structural performance analysis and tolerance simulations.
Since every manufacturing process is inherently imprecise and every measuring process involves uncertainties, geometric deviations are generally observable on every manufactured and measured part. 1 These geometric imperfections can have huge influences on the function and the customer-perceived quality of the product. Hence, geometric dimensioning and tolerancing is an important step in the product development process since it is the step where the limits of allowable geometric deviations are defined. However, it is difficult to set these limits since geometric deviations influence the functional behaviour of the part in many ways. The structural performance, however, is a key aspect. Therefore, an approach is proposed that helps to determine the effects of geometric deviations on the structural performance.
By connecting different methods of computer-aided design (CAD), computer-aided tolerancing and tools for computer-aided simulations such as the finiteelement (FE) method and assembly simulations, the product developer can be supported in setting the tolerance requirements. In this respect, the main goal is to draw a realistic virtual image of the geometry, function and behaviour of the real part or assembly group with geometric deviations during product development which facilitates the tolerancing activities.
The engineering design tasks in geometric tolerancing are mainly the tolerance specification, the tolerance allocation and the tolerance analysis (see Figure 1) . 2 During the tolerance specification, kinds of tolerances that are useful and required for assuring the product function have to be identified. In the next step, the tolerance allocation, values for the selected kinds of tolerances have to be set. These values are then analysed with respect to the functional requirements and the emerging product costs during the tolerance analysis. If it can be found that the part does not fulfil the requirements, then the tolerance allocation and maybe even the tolerance specification have to be repeated, that is, the highlighted tolerance activities have to be carried out iteratively.
Since these tolerancing activities should be part of a complete and coherent tolerancing process, 3 a unified language of geometric deviations and tolerances as well as models for their representation have to be employed. This need has led to the development of GeoSpelling as a coherent model for geometrical product specification (GPS), 4 as well as several models for the representation of dimensions and tolerances such as the model of technologically and topologically related surfaces (TTRS) by Desrochers and Cle´ment, 5 the direct linearization method by Chase et al. 6 or the deviation domain based on the small displacement torsor by Giordano et al., 7 among many others. These models aim at enabling the product developer to analyse the effects of geometric part tolerances on assembly gaps and clearances as well as, of course, the product function. However, these approaches model geometric tolerances but not observable geometric deviations in a true sense and make thus severe simplifications as far as workpiece imperfections are concerned. 8, 9 Furthermore, various concepts and models for the exchange of product data especially tolerances and assembly information in all product lifecycle management tools, for example, for integrated measurement processes, have been proposed such as a model based on XML by Zhao et al., 10 the open assembly model by Baysal et al. 11 or an integrated modelling method based on key features and graph theory proposed by Zhang et al. 12 However, during tolerance analysis, the question whether all parts within tolerance fulfil their requirements regarding the structural performance has to be answered. More than 10 years ago, Samper and Giordano 13 proposed four models for the incorporation of elastic deformations and displacements in three-dimensional (3D) tolerancing. Since then, much research has been done on how to consider various geometric deviations in tolerance analysis. For example, Lustig et al. 14 and Stockinger et al. 15 try to combine tolerance zones and elastic deformations by taking into account random boundary conditions. However, the fact that there may be interactions between different sources of geometric deviations and deformations and especially that geometric deviations caused, for example, by manufacturing errors can have an influence on the elastic deformations observed during use is not addressed generally. 16 Thus, in this article, an approach for the probabilistic analysis of structural performance of parts with geometric deviations is proposed which considers that geometric deviations caused, for example, by manufacturing errors may have an effect on elastic deformations during use and therefore on the structural performance. The presented approach is not related to a specific tolerance representation model; however, the obtained results can be integrated and processed in any of them.
14 The aim is to provide information about the expectable elastic deformations during use in tolerance analysis taking into consideration that geometric deviations as well as other random parameters such as, for example, fluctuating material properties may have impacts on these elastic deformations during use. In doing so, existing models for computer-aided tolerancing are enhanced with information about the interdependencies between geometric deviations, geometric tolerances and the structural performance. This allows a general view of the functional behaviour of the part in product development and is a step towards product development based on a model of the true workpiece geometry instead of based on the nominal model. 9 The main questions answered are: which geometric design parameters have the main impact on the structural performance and how can geometric deviations of form and shape be taken into consideration to deduce 3D tolerances. The obtained results enable the product developer to optimize the product design with respect to not only elastic deformations but also structural performance taking geometric deviations as well as other sources of uncertainty into account. Furthermore, optimal values for any 3D tolerances can be deduced since geometric deviations are modelled explicitly.
This article is structured as follows. First, the modelling of geometric deviations is highlighted followed by some common approaches for the evaluation of the structural performance, which are briefly introduced. Following that, the determination of the effects of geometric deviations on the structural performance is highlighted and thereafter illustrated in a case study. Finally, a conclusion and outlook are given.
Modelling geometric deviations
Observable geometric deviations can be roughly classified into lay, waviness and roughness depending on the relationship between the distance and the depth of the geometric imperfection. 17 These geometric deviations can furthermore be classified into systematic and random deviations. [18] [19] [20] This classification is based on the experience that in many manufacturing processes, similar geometric deviations can be observed on every part, whereas some geometric deviations can be observed only on a few workpieces. The systematic deviations are deterministic, predictable and reproducible [18] [19] [20] and may be depending on the manufacturing process, for example, products of clamping errors or the machine behaviour. In contrast to that, random deviations arise from fluctuations of the production process such as tool wear, varying material properties or fluctuations in environmental parameters (temperature, humidity, etc.). Due to these different characteristics, systematic and random geometric deviations should be modelled by different methods even if they can be classified as the same kind of geometric deviation (e.g. lay or waviness).
Though the description of geometric deviations is obviously crucial in modern simulation techniques, no general framework for the simulation and generation of deviated geometries exists. However, several methods therefore can be found in the literature and a few of them are presented in the following.
The simplest method for modelling geometric deviations is to employ the basic functionalities of parametric CAD systems. 21 Here, the part geometry is described by a set of parameters such as height, width, length or thickness. Samples of deviated geometry can then easily be obtained by varying these parameters. The parameter variation can of course be performed by applying desired distribution laws. The main advantages are that this approach is quite straightforward and that the parameter values can be easily chosen on basis of given tolerance requirements. However, this method generates only parametric deviations and does not take geometric deviations of form and shape into account. Stoll 22 and Stoll et al. 23 use Be´zier curves, splines and non-uniform rational B splines (NURBS) to deviate a triangle mesh, which describes the nominal geometry of a part, whereas Zhang et al. 1 generate systematic deviations employing second-order shapes. Furthermore, they propose three methods for obtaining randomly deviated geometry. Following the 1D Gaussian method, each point is deviated in the estimated vertex normal direction. The deviations of the points are independently Gaussian-distributed random variables. That means that a Gaussian random variable describes the deviation of a point in the direction of the vertex normal. The multi-Gaussian method employs a trivariate Gaussian distribution to generate a spatial random vector in 3D space. Finally, the Gibbs sampling algorithm, a Markov chain Monte Carlo algorithm and a special case of the Metropolis-Hastings algorithm, is employed to draw samples following a bivariate Gaussian distribution. These proposed methods are comparatively easy to implement and descriptive. However, they model random deviations of geometry independently for points on a part that are close to each other. This may result in unrealistic sample geometries since it is expected that the deviations of points close to each other are less volatile than those of points that lie afar from each other, which is not taken into account.
Bayer et al., 24 Choi et al. 25 and Bucher 26 employ random fields for modelling geometric imperfections. Random fields can be seen as a generalization of stochastic processes in this spirit that the input variables are not unidimensional (e.g. time) but multidimensional (e.g. coordinates in 3D space). Random fields offer a wide application range for modelling spatial randomness. For this reason, an approach employing random fields is chosen for describing geometric imperfections as well as for modelling fluctuating material properties in this article.
Evaluation of the structural performance
In the following, some methods for the probabilistic evaluation of structural performance and the analysis of sensitivity, robustness and reliability are briefly introduced. They serve as a background for the proposed approach for determining the effects of geometric deviations on the structural performance highlighted in the next section.
The FE method
The FE method is a computer-aided numerical method for solving partial differential equations. In the context of structural mechanics, the basic equation
where K is the stiffness matrix, u is the vector of deformations and b is the vector of loadings, is formed and solved using numerical methods such as the Gaussian elimination, the Cholesky decomposition or iterative methods. Alberty et al. 27 propose a simple FE code within 50 lines of MATLAB code, which is used in this work. Indeed, more sophisticated software could also have been used.
Probabilistic approaches for the evaluation of structural performance
Methods for the probabilistic evaluation of structural performance can be distinguished as intrusive and nonintrusive methods. 25 Intrusive methods express the uncertainty explicitly within the analysis, whereas nonintrusive methods do not account uncertainty within the formulation. Instead of that, uncertain factors are modelled on the outside of the actual code and the obtained results are used to characterize the stochastic system behavior. 25 Intrusive approaches. Intrusive approaches model the uncertainty within the analysis. The stochastic FE method is an applicable intrusive solution technique for problems in structural engineering, which are usually solved by the FE method. 25 In general, the basic equation (1) is reformulated as
where K 0 is the deterministic part of the stiffness matrix and DK is the random or uncertain part. The perturbation method, the Neumann expansion, the weighted integral method and the spectral stochastic FE method are four typical stochastic FE approaches, which differ in terms of formulating the fluctuating part DK.
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Non-intrusive approaches. Intrusive approaches for the probabilistic evaluation of structural performance make it necessary to modify the analysis code, whereas nonintrusive methods treat the code as a 'black box'. 25 This can be of great benefit, since the complexity of modern software tools for engineering applications steadily increases and the possibility of code changes may not always be given. The stochastic response surface method is a typical non-intrusive approach. It is based on a series expansion of multidimensional Hermite polynomials of Gaussian random variables. 28, 29 Therefore, the input variables are represented as functions of standard Gaussian variables. 29 However, if employing random fields for the description of fluctuating material properties and geometric deviations, many random variables are required. Hence, the stochastic response surface method may be inadequate in this context.
Analysis of sensitivity
The aim of sensitivity analysis is to apportion the uncertainty in the output of a model to different sources of uncertainty in the model input. 30 The results can help to identify the inputs which have a high influence on the model output and those which have no relevant impact. This information can be very useful, since actions for reducing the variation in the model output can be performed more effectively and more efficiently.
There are several methods that can be used in terms of sensitivity analysis, like local methods such as the simple derivative of the output factor with respect to an input parameter or methods based on emulators. However, variance-based methods for sensitivity analysis are briefly highlighted in the following since these methods are widely used in various applications. They decompose the unconditional variance of the output Var(y) into terms due to the different input parameters X.
To perform a variance-based sensitivity analysis, at first a numerical model of the relationship between the input parameters X and the outputs y has to be formulated
This model is then used to determine the so-called main effect and total effect for every considered input parameter. In this regard, the main effect of an input parameter S m i is the influence of the scattering input parameter x i on the scattering output and can be found as the quotient of the conditional variance of y caused by x i and the unconditional variance of y
The main effect reflects the portion of scatter of y that is directly caused by the scatter of x i without respecting interactions between x i and other input parameters. In contrast, the total effect of the respective input S t i also takes interactions between the considered input parameter x i and other input parameters x j , j = 1, . . . , i À 1, i + 1, . . . , N, into account. It can be computed by
Thus, the total effect can be understood as the total influence the scatter of x i has on the scatter of y.
The results of the sensitivity analysis are in general the more precise the more calculations of the functional relationship are performed. 30 Since the evaluation of the structural response via the FE method is quite computational demanding, it is advisable to employ a meta-model which reflects the underlying relationship approximately. Thereby, the functional relationship f(X) can be evaluated considerably faster. For this purpose, for example, again different methods like neural networks or decision trees can be used. The selection of an adequate meta-model can, for example, be performed on the basis of the coefficient of prognosis, 31 which can be interpreted as a generalization of the coefficient of determination R 2 known from regression analysis. However, in the context of structural performance, the response surface method is a widely applied meta-modelling technique.
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Analysis of robustness
A manufacturing process is said to be robust if the fluctuation of the response exceeds the fluctuation of the input parameters only little. 35 Robust processes are hence desirable because it is supposed that fluctuations of the response can be reduced by reducing the fluctuation of the inputs. If a process is not robust, this is not possible because the response obviously underlies fluctuations, which cannot be explained by the input fluctuations. The definition of a robust process can be translated to a product. Such is a product or design robust, if the behaviour and the performance can easily be predicted under varying input and ambient parameters. 36 A straightforward approach for the evaluation of robustness is the computation and the comparison of the coefficient of variation CV CV = s m = sample standard deviation sample mean ð5Þ
First, the CV of every input parameter is computed and thereafter compared with the CV of the response. If the CV of the response is clearly larger than the largest input CV, then the process (or the product) is said to be non-robust. Otherwise, the converse is true. 35 
Analysis of reliability
In the context of structural performance evaluation, the probability of failure can be defined as the probability that the response of the structure exceeds the limit state. This limit state is the specific limit, for when exceeding it, the structure is unable to perform as required. 25 In the following, we focus on the maximum deformation as an indicator for the structural performance.
Assuming a Gaussian distribution for the maximum deformation, the probability of failure, that is the probability that the maximum deformation d exceeds the given limit state d crit , can be determined with estimated values for the meanm and standard deviationŝ by (see Figure 2 )
where F N (m,ŝ) ( Á ) is the cumulative distribution function of the Gaussian distribution with meanm and standard deviationŝ.
Of course, the assumption of a Gaussian distribution for the maximum deformation is not always tenable. In such cases, models for higher moments of the samples can be estimated and employed to describe the expected distribution of the maximum deformation. However, even then the respective formulation of equation (6) is still applicable.
Determining the effects of geometric deviations on the structural performance
Since the introduced approaches for the probabilistic analysis of structural performance explained before seem imperfect for certain applications, another procedure is proposed. For this purpose, first a central composite design (CCD) plan is formed with parametric variations of the geometry as can be seen from Figure 3 (a). It should be mentioned that also other kinds of experimental design plans could have been employed like sampling plans as, for example, based on the latin hypercube sampling. However, the CCD plan offers advantages when applying the response surface methodology with quadratic regression models. 37 However, each row of the experimental design plan contains a geometric variant of the part. For each of these geometric variants, multiple FE runs are performed, where fluctuating material properties and geometric deviations are taken into account (see Figure 3(b) ). Both fluctuating material properties and geometric deviations are modelled by random fields. This means that geometric variants of the part are generated via the CCD plan and geometric deviations of form and shape are created by employing a random field approach. Therefore, this proceeding enhances the straight parametric approach for the consideration of geometric deviations with the random field method.
The results of the FE runs for each geometric variant are then used to estimate a quadratic response surface model for the mean and the standard deviation of the maximum deformation (see Figure 3(c) ). These models can then be used for the analysis of sensitivity (the evaluation of main contributors to the response), the analysis of robustness and the evaluation of reliability (see Figure 3(d) ). For the sensitivity analysis as well as for the evaluation of reliability, sampling methods may be used for creating random (in contrast to the CCD plan) geometric variants (see Figure 3(e) ). For each of these random variants, the mean and the standard deviation of the maximum deformation can be estimated by the respective response surface models. Assuming a Gaussian distribution for the maximum deformation, it is hence possible to determine the probability of failure based on these values. The estimated regression models can also be used to determine the effect of the geometry parameters on the so-calculated probability of failure.
Since this approach is based on the modelling of geometric deviations instead of employing a particular model for the representation of geometric tolerances, also the effects of different tolerance requirements on the structural performance can easily be analysed. For this purpose, a digital check for tolerance requirements has to be performed previously to the FE runs (see Figure 3(y) ). This means that every generated deviated part is virtually measured with regard to the tolerance requirements to be analysed and that only the deformation data of parts which fulfil the tolerance requirements are taken into account in the estimation of the response surfaces. In doing so, the effects of geometric tolerances on the structural performance and especially on the probability of failure can be investigated, which can be of great benefit in manners of tolerance analysis activities. It is worth mentioning that this approach is not limited to a specific tolerancing standard or tolerance representation scheme since geometric deviations are modelled instead of geometric tolerances. It therefore allows the consideration of any 2D or 3D tolerances in tolerance analysis. In summary, the proposed approach reflects the reality in this sense that deviated parts are generated, measured and processed digitally. Based on the obtained results, limits for the allowable geometric deviations in terms of 2D or 3D geometric tolerances can be set more easily.
Case study
The proposed approach is now applied to a simple case study where geometric deviations of form and shape as well as fluctuating material properties are taken into account in the structural performance evaluation.
Introduction, design plan, and parameter settings
The reference part for this case study is a cantilever beam in bending as illustrated in Figure 4 . The geometry parameters are the height h, the length l, the lower width b 1 , the upper width b 2 , the distance of the long hole from the fixation d l and the length of the long hole g l . The beam is fixated on one side and stressed by a force on the other side. The measures are h = 10 mm, l = 30 mm, b 1 = 10 mm, b 2 = 20 mm, d l = 10 mm and g l = 10 mm, the force is F = 1000 N.
As described above, first, a CCD plan is formed based on these parameters. Based on this plan, for each geometric variant, a deterministic finite element analysis (FEA) and multiple FE runs where random geometric deviations and fluctuating material properties are taken into account are performed.
For modelling geometric deviations, a Gaussian random field approach is used to deviate the tetrahedral mesh nodes within 3D space. The correlation length of the squared exponential correlation function is set to l geom r = 15 mm, the standard deviation to s geom = 0:1 mm and the mean to m geom = 0. Three samples of the beam with deviated geometry are shown in Figure 5 , where the colours indicate the geometric deviation compared to the nominal geometry.
Furthermore, we assume that the material properties of the beam in bending can also be described by a Gaussian random field. The mean of the Young's modulus is assumed to be m mat = 200, 000 N=mm 2 , the standard deviation s mat = 20, 000 N=mm 2 and the correlation length of a squared exponential correlation function l mat r = 15 mm. We use the midpoint method to discretize the random field. 38 Following that, the Young's modulus of each element can be approximated by the value of the random field at the element's centroid. Figure 6 shows three samples of the beam in bending where the colours illustrate the value of the element's Young's modulus. Overall, for each variant in the CCD plan, a deterministic FEA and 100 runs of a FE analysis with fluctuating material properties and geometric deviations are performed. Based on these data, the mean and standard deviation of the maximum deformation for each variant can be computed. From this, a (quadratic) response surface for the mean as well as for the standard deviation can be estimated. The coefficient of determination for the mean response surface is R 2 = 99:98% and R 2 = 97:29% for the standard deviation response surface. Hence, the underlying quadratic models seem to be good estimates of the true relationship between the geometry parameters and the mean and standard deviation of the maximum deformation of the beam within the given geometry parameter intervals.
The sensitivity analysis can then be performed based on the estimated mean model. The results for the main and total effects of the geometry parameters are given in Table 1 .
In this example, the coefficient of variation is 5.37% for every input parameter, since the variation of the input parameters is given by the CCD plan. The coefficient of variation of the maximum deformation is 20.24% for the deterministic FEA and 21.75% when taking geometric deviations of form and shape as well as fluctuating material properties into account.
The limit for the maximum deformation may be given to d crit = 0:05 mm, and the distribution laws for the input geometry parameters are assumed to be The mean probability of failure of these sample combinations taking fluctuations of the material properties and geometric deviations into account is 17.43%. In contrast to that, the mean probability of failure estimated from the deterministic FEA involving only parametric geometric deviations is 13.25%.
The effects of form tolerances on the probability of failure
The evaluation of the effects of form tolerances on the structural performance may also be highlighted in a simple example. Given again the beam shown in Figure  4 with the nominal measures and a flatness tolerance of size t on the front plane. We now want to determine the effects of t on the probability of failure, in this case, the probability that the maximum deformation exceeds the limit of d crit = 0:041mm.
In order to perform this, the procedure explained before is employed. That means that several FE runs are performed where geometric deviations modelled by random fields are taken into account. For this subexample, we vary the standard deviation of the random field between s geom = (0:1 mm; 0:15 mm; 0:2 mm). The values for the mean and the correlation length of the random field stay at m geom = 0 and l geom r = 15 mm, respectively. Note that since we are only interested in the effects of geometric deviations, no fluctuations of the material properties are taken into account, and therefore, the Young's modulus is set to m mat = 200, 000 N=mm 2 for every element. For each generated geometry, we measure the flatness tolerance of the front plane. We then compare these values with the given tolerance requirement that we want to analyse. Only those geometries are then taken into account for the estimation of the response surfaces that fulfil these relevant tolerance requirements. Table 2 shows the effects of the flatness tolerance limit t for the front plane of the beam on the estimated meanm and estimated standard deviationŝ of the maximum deformation and the probability of failure P(d . d crit ).
Summary of the results
It can be seen that the consideration of geometric deviations and fluctuating material properties can lead to a better understanding and a more precise image of the behaviour of a part within a FE analysis. The results show that the main contributors to the maximum deformation of the beam are the length l and the height h. Furthermore, the deterministic FEA overrates the robustness of the design and underestimates the probability of failure. The results are illustrated in Figure 7 .
In addition, the value of the flatness tolerance zone has obviously an effect on the probability of failure. In order to assure a probability of failure less than 10%, a flatness tolerance of t = 0:15 for the front plane seems thus adequate (see Table 2 ). Based on these results, the product developer is enabled to optimize the product design parameters considering the structural performance as well as to deduce 3D tolerances such as tolerances of form, orientation, location and run-out.
Conclusion and outlook
The impact of geometric deviations on the structural performance is of high interest in the context of computer-aided tolerancing. Therefore, this article proposes an approach which makes use of the functionalities of modern parametric CAD systems and enhances them by taking fluctuating material properties and geometric deviations into account. For this purpose, a CCD plan is linked to a non-intrusive stochastic FE (a) Analysis of Sensitivity (b) Analysis of Robustness (c) Analysis of Reliability Figure 7 . Results of the case study. approach employing random fields to describe material fluctuations and geometric deviations. Moreover, regression analysis and methods of sensitivity analysis and analysis of robustness are used to identify the main geometric contributors, to evaluate the robustness of the design and to predict the probability of failure. The main goal is to draw an image of the part's behaviour that is close to reality and enables the product developer to predict possible issues and design imperfections. Questions about the main geometric contributors to the structural performance and about the robustness and the reliability of the design can be answered more precisely. Furthermore, the effects of form and position tolerances on the probability of failure can also be predicted. These results can then be used in the context of computer-aided tolerancing for setting optimal tolerance requirements.
However, the improvement of this approach with respect to the computational effort as well as the integration of the obtained results in adequate models for the representation of geometric tolerances and in tolerance analysis remain future research directions.
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